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Abstract

Formulas for correlating morphological parameters in mixtures containing polydisperse hard particles are important for investig
relationships of the properties of these mixtures with morphological parameters. Two simple new formulas are derived, respect
relating the number averaged surface to surface or center to center interparticle distances between impenetrable particles wit
particle diameter, volume fraction of particles, particle spatial distribution parameter and dimensional number. The geometrical im
of particle spatial distribution parameter is given. The two formulas are generally applicable to a system filled with hard particles obe
particle size distribution and occupying any lattice in one to three dimens®2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction insulator—metal transition in conducting polymers [10,1
chemical reaction on polymer chains [12], electron moti
Mixtures consisting of continuous media and impene- on isolated polymer chains in solution [13], and so on. It
trable particles (i.e. spheres in three dimensions (3D), obvious that the effects of morphological parameters
disks in two dimensions (2D) and rods in one dimension interrelated. Therefore, the formulas for correlati
(1D)) are very common geometrical models applicable in morphological parameters are crucial for investigati
polymer science. It is no doubt that the geometrical features morphology—property relationships to separate the effe
of the mixtures influence the properties of polymeric mate- of morphological parameters from each other or from ot
rials. It has been widely reported that morphological para- factors.
meters, i.e. average particle size, particle size distribution, Two types of interparticle distances, i.e. center to cen
particle volume fraction, particle spatial distribution and interparticle distance and surface to surface interparti
interparticle distance, have substantial influences on thedistance, can be distinguished. Formulas for calculati
mechanical [1,2], electric [3,4] rheological [5] and colloidal the mean nearest-neighbor center to center interpart
[6,7] properties of polymers in 3D. The interparticle distance in a mixture containing randomly distribut
distance is a key parameter in dominating these properties.equal-sized particles in 1D to 3D have been derived [1
The geometrical relation in 3D has also been simulated in 21]. The polydispersity of particle size has a substant
2D [8]. Microscopy photographs of multiphase polymer influence on the relation of morphological parameters.
systems have been commonly used to correlate morphol-formula for calculating the mean nearest-neighbor surf
ogy—property relationship, which are basically 2D results. to surface interparticle distance in a mixture containi
The morphology—property relationships of thin polymer polydisperse particles in 1D to 3D has also been deri
films containing dispersed particles can be formulated as a[22]. For the case of polydispersity, formula is, howev
2D problem. The above morphological parameters, espe-quite complex, and no analytical equation has been giv
cially the interparticle distance, also impose great influences Other formulas for correlating morphological paramet
on the electrical, UV—-vis spectral and mechanical proper- with respect to one or more neighbors were also sugge
ties of these thin films [9]. The 1D problems deal with the [1,2,23-26]. A formula for calculating the number-avera
surface to surface interparticle distances between parti
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diameterd,,. The relation amon@{, My andny , is

Mgy
Z nd’m =N
m=1

The volume fractionp of N particles filled in @D dimen-
sional box with a volumé/ is

Z ( Z )nd,mdm
_ m=1
¢= Y

wherea is a constant. It is equal to2/ 2 and 3 forD =
1 — 3, respectively.

A lattice consists of a number of straight line segments
that connect the centers of particles. The dispersion state of
particles is fixed when their centers occupy a regular lattice
or random one. Even so, a connection of the centers of
particles is a combinatorial problem. In general, there is
no restriction on how a straight line segment is connected.
Therefore, for a given number and dispersion state of parti-
cles, different connections of the centers of particles give
different lattices. A lattice corresponds one-by-one to a
Fig. 1. Schematical illustrations of a lattice (consisting of straight line combination of these straight line segments. An example
segments connecting the centers of particles, pictured with dark lines), of 2D lattice is shown in the upper part of Fig. 1. Disks
particles (open circles) and quantities in Eq. (5) in 2D. are randomly distributed on the paper plane of the present

page. There are a number of lattices for the number of disks
However, it cannot be applied to other mixtures containing and dispersion state given in the upper part of Fig. 1. For
particles obeying other particle size distributions and having simplicity, Fig. 1 demonstrates only one of them.
lower dimensions. On a lattice, the center to center interparticle distance

In this work, we derive two simple new formulas for between any two hard particles, respectively with diameters
correlating morphological parameters of systems containing d; andd; is
particles conforming to any other distributions (continuous L=T + 2 +d 5
or discrete) and occupying any lattice, which is applicableto ¢ — 'k 2(d ) ©
1D to 3D systems. The relation between the new formula where T, is the surface to surface interparticle distance
and previous one for calculating the surface to surface inter- petween the two particles. It is obvious thatis also the
particle distance and the nature of particle spatial distribu- length of a straight line segment connecting the two hard
tion parameter are discussed. particles, respectively with the diametedsand d.. The
quantities in Eq. (5) are also graphically illustrated in the
lower part of Fig. 1.

The total length of straight line segments connecting the
centers of particles on a lattice is given by the sum of Eq.
(5), which is

(©)

4

di/2

\k—»r—‘:/

dil2
T Lk

2. Theory

There areN hard particles in ® dimensional box with an
edge length of, whereD is a positive integer among 1-3.

The patrticle size frequendyd,,) is expressed as N Ny A Ny,
Nam D= D T+ > D ngidi + > g ©)
f(dm) = N 1) k=1 k=1 i=1 =
whereny , is the number of hard particles with a diameter whereny v is the num_ber QK of_the same size, whebe =
A, L, T andd, andY = k,i andj. Ny is the number of classes by
The number average particle si@ is given by S|ze.Yden0'tes thévth class. . . .
On a lattice, one center-to-center interparticle distance
Mg contains one surface-to-surface interparticle distance, as
Z Ng,m0m shown in the lower part of Fig. 1. Therefore, the total
(dy = mle (™) number of center-to-center interparticle distance equals

The N particles are actually classified intdy classes or
grades by size. Theth class containgg , particles with a

that of surface-to-surface interparticle distance on a lattice.
There is no restriction on how the total number of bdth
and d, are assigned to the two terms of sum in Eq. (6),
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respectively. The total number df andd, must be an even

number. Accordingly a possible way is to divide the total of 72 is 36. It is obvious that Eq. (13) is true for Fig. 1.

number of bottd;, andd; into two groups equally. These can
be quantitatively described by

Ng 1 Ny 2

Ny Ny
Sn=> =D ngi = > ny; (1)
k=1 k=1 i=1 =1

In general, Eq. (7) is not equal fd. For instance, we
recall Fig. 1 to explain this. In this figurdy = 24 while

Eq. (7)= 36.
Then

N Nr Ng.1 Ny 2

Db D T > ng;d; > Najd,

k=1 = Y = 4= )
NL Ny 2 N1 Ng2
Z Nk Z Ntk Z Ny Z Ng,j
k=1 k=1 i=1 =1

For a given dispersion of heterogeneous-sized hard parti-.5ce ofgx or g. The constang in Eq. (11) equalg/2 for

cles, the following relation exists

Nd,l Nd.Z

> ngid Z Ng;d
i=1 _ =

e ©)

> Naj D g
i=1 =1

only when Egs. (10)—(12) are satisfied.

Ngj = Ngj = ANgm (11
Mg = Ng1 = Ng (12

whereq is a positive constant and is determined by a lattice

connecting the centers of particles.
Eq. (10) implies that each of thHN particles must be

connected to a lattice. Eq. (11) requires that the time by

which each of theN particles is linked to a lattice must be
identical.

We first discuss the geometrical significancegpfiener-
ally, and then apply it to the specific casecin Eq. (11).

2703

particles is 410+ 3X5+ 2X 8+ 1x 1= 72 The half
Let
Ge= % (14

Then
NL N

Z Nk = Z Ok
k=1 k=1

Whengis a constant] (andpy is also a constam), Eq. (15)
becomes

(15

(16)

Eq. (16) can also be derived by combining Egs. (3), (7), (
and (12). Therefore, Eq. (14) gives the geometrical sign

each particle on a lattice conforming to Egs. (10)—(12).

It has been known that there are a number of lattices f
given dispersion state of particles. For equal-sized particl
Eq. (9) is always satisfied, irrespective of the type of
lattice. However, it is believed that only limited numb
of lattices meet Eqgs. (10)—(12) for heterogeneous-si
particles. Moreover, the lattice determined by the near
neighbors may not satisfy Eq. (11). If Egs. (10)—(12) a
not met, none of the last two terms on the right-hand side
Eq. (8) is equal to the original number average patrticle s
evaluated by Eq. (2). That is why we have made a differe
amongdy, d; andd; in Egs. (2), (6) and (8).

If Egs. (10)—(12) hold, then Eq. (8) is reduced to

Ly =(T) +(d) 17
where

N

P
L= (18

N
Z Nk
k=1

Because a straight line segment of center-to-center interpar-
ticle distance links two particles, either owns a half of the i
straight line segment. Therefore, the total number of center- z MrcTi
to-center interparticle distance equals a half of the total time (T) = k=NlT— (19
by which N particles are linked to a lattice Z Nrx

k=1

Because of the restrictions of Egs. (10)—(12), Eq. (17) is
universal though the type of a lattice does not affect
wherepy is the time by which thdth particle is linked to a  validity for the mixture filled with equal-sized particles.
lattice. It equals 0, 1, 2, 3, 4, 5, and so on. We construct a dispersion state by filling the abbMeard
We now apply Eq. (13) to Fig. 1. The total number of particles uniformly in the abovB-dimensional box with an
center-to-center interparticle distance in this figure has beenedge length of, which means that the probability of findin
known to be 36. The total time of connections for the 24 a particle within the box is identical. We then define

N, 1N
I;nL,kz 5 Zpk

k=1

13
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parameteg, by is applicable to the resultant system. However, the particle
1 volume fraction® for the resultant system is converted by
Loy [ D [24,26]
fo="7"( 2 Mam 20
m= p— 0 (26)
wherel is the actual number average center to center inter- 1= dev
particle distance in the above box constructed. Then
Eqg. (20) shows tha&, is the ratio of the actual number
average center to center interparticle distance to the number m{(dp)(1 — dgy) 5
average point to point distance defined by a uniform disper- {Lev) = fo(T) 27

sion (i.e. simple cubic lattice in 3D, square lattice in 2D and
the lattice with an equal distance between neighboring where(Lgy) is the number average center to center inter-
points in 1D) when the number of particles equals that of particle distance in a system containing an excluded
points. Points can be arranged without the restriction of volume.

particle volumes since their volumes are zero. However, We define

this restriction exits for particles containing volumes. For

instance, one cannot rearrange randomly closely packedéev = (1 — ¢>Ev)D (28
spheres to occupy a cubic lattice due to the restriction of

particle volume. It is clear that the value of this parameter is Inserting Eq. (28) into Eq. (27) we get

determined by the relative uniformity of particle dispersion. & %
So, it can be called a particle spatial distribution parameter. (| ., ) = &y&gy M (29)
Since 2a¢
v=1|P 21 Whené,, dp, ¢, D anda are fixed, dividing Eq. (29) by Eqg.
22 i
Combination of Egs. (4), (20) and (21) yields (22), we obtain
1 _ Lew)
5 fev = (30)
(Lo) = fo( T;d([: ) ° (22 (Lo
(64
Eq. (30) gives the geometrical importancetg§. Itis a ratio
where of the number average center to center interparticle distance
” in a system containing an excluded volume to that in a
D ngmdn system without an excluded volume whép, dp, ¢, D
(dp) = m:l 23 anda are identical. Clearly¥gy also characterizes the rela-
o tive uniformity of particle dispersion. So, it is also called a
Z Nd.m particle spatial distribution parameter.
Inserting Eq. (29) into Eq. (17) we have
Insertion of Eq. (22) into Eq. (17) gives - %
1 (d
D (Tev) = &oé (—) —(d) (3D
(T = o e ) (@ @y T g
(04

Eq. (28) indicates that & &z, = 1. Therefore, interparticle
distances that are calculated from Egs. (29) and (31) are

Comparing with a point, a particle of non-zero size has an reduced when a mixture contains an excluded volume.
excluded volume. The volume where the probability of find- Let £ be
ing a particle is zero is also called an excluded volu/pg &= &éey (32
as illustrated in previous work [24,26]. The systems contain-
ing such an excluded volume have been found in polymer
blends and composites in 3D [3,4,24]. 1
The excluded volume fractiothgy for a mixture contain- £= (Lev) (% Ny ) b
- m

whereTy is the number average center to center interparticle
distance in the above box constructed.

Combining Egs. (20), (30) and (32) we get

. ; . . . 33
ing a continuous media, particles and an excluded volume is | 33

given by
Eq. (33) defines the geometrical meaning of the parameter
_ Vev . .
dpy = —~ (25) of £. It is a ratio of the actual number average center to
v center interparticle distance to the number average point
We construct another mixture containing a continuous to point distance defined by a uniform dispersion when
media and particles without an excluded volume. Eq. (22) the number of particles equals that of points. Accordingly

m=1
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it is a particle spatial distribution parameter. kg, = 0
&= ¢&o (34

Therefore, the generalized formulas, respectively, for eval-
uating(L) and(T) are

1
1
<L>=§("2<3 ¢>)D @
o)\ B
<T>=§(“2a3)) —(d) (36)

3. Discussion
When the particle sizes fit a log-normal distribution in
3D, Eq. (1) becomes [27]
1 exp (Ind; — In d)?
V2 n o
whered is the particle size at a probability of 50%,is the

2In2o
particle size distribution parameter.
Then(d) and(ds) are given, respectively, by [27]

Mgy
> Ny
m=1

Mgy

f(d) =

37

(d) = =expind + 0.5 In20) (38)

Nm
m=1

My
> ngid?

(da) = 5

Z N3
i=1

Inserting Egs. (34) and (35) into Eq. (32), and seting: 3
anda = 3, we obtain

M= d[s(

Eq. (40) is the same as that we derived previously [23—-26].

=exp3Ind + 45 In%0) (39

e

1
- ) * exp(L5 In20) — exp0.5 In 20')] (40)

In a previous paper [26], we suggested the concepts of

absolute or relative particle spatial distribution parameters.
A relative particle spatial distribution parameter is defined
by a ratio of one center-to-center interparticle distance to

another. An absolute particle spatial distribution parameter Hong Kong Polytechnic University Postdoctoral Fellowsh

is not a ratio but a pure number. However, in this work, we

have demonstrated that the values of all particle spatial Council for financial supports.

distribution parameters are relative. Therefore, it is not

necessary to define absolute or relative particle spatial

distribution parameters.
Typical &, values for particles, respectively occupying
the simple cubic lattice in 3D, square lattice in 2D and the

lattice with an equal distance between neighboring centers [3] Kusy RP, Turner DT. Nature Phys Sci 1971;229:58.

2705

in 1D, are one. Some other values of particle spatial dis
bution parameter in 3D were also given in Ref. [26]. It mu
be pointed out that those values corresponding to latti
that meet Egs. (10)—(12) are accurate. However, the v
of particle spatial distribution parameter for actual rand
loose packing of particles has not been resolved. Comp
simulation may be useful for calculating it.

Clearly a lower limit on¢ for using Egs, (35) and (36) is
¢ > 0. An upper limit iS¢ = ¢max Wheredmay is the high-
est volume fraction of particles in close packing and
determined by the particle polydispersity. For instan
dmax = 0.72 for equal-sized spheres and is greater th
0.72 when sphere sizes are polydisperse in 3D [28].

4. Conclusions

The number average center to center or surface to sur
interparticle distancegL) and(T)) are related, respectively,
by Egs. (35) and (36) with humber average particle si
((dy and{dp)), particle volume fraction¢), particle spatial
distribution parameter&), dimensional humber)) and a
constant &) determined byD. The two formulas are applic-
able to mixtures containing particles obeying any parti
size distribution and occupying any lattice for= 1, 2 and
3. The lower and upper limits o are 0< ¢ =< dmax
where ¢nax is the highest volume fraction of particles i
close packing and is determined by the particle polydisp
sity. The equation derived in our previous work [23—26]
only a specific example of this work.

The geometric meanings of particle spatial distributi
parameters §, and £) are the ratio of the actual numbe
average center to center interparticle distance to point
point distance determined by a uniform dispersion wh
the number of particles equals that of points. When
mixture contains the excluded volume, the appropri
particle spatial distribution parametgd < &gy =< 1) s,
however, the ratio of the number average center to ce
interparticle distance in a system containing the exclud
volume to that in a system without the excluded volu
when &g, dp, ¢, D and « are identical. Therefore, ther
does not exist an absolute particle spatial distribution p
meter that has been suggested in our previous work [26
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